We analyse the epoch of reheating after an inflationary phase in the Randal Sundrum(RS) Type-II braneworld, where we did not consider any particular model of inflation, but rather reconstructed the inflationary potential solving the flow equations using Monte Carlo (MC) approach. It is shown numerically that a potential conceived through the MC reconstruction technique can be represented by an effective potential as a function of the number of e-foldings(N ). Then, the epoch of reheating is studied for this reconstructed potential. The relation between the reheating temperature (T reh ) and the 5-dimensional Planck mass(M 5 ) is established. Moreover, it is argued that there is a stringent bound on the critical reheating temperature that also translates to a tight bound on M 5 .
I. INTRODUCTION
Standard hot big bang cosmology is a very successful theory when combined with the inflationary paradigm. Inflationary epoch is required to solve some of the initial condition problems of this cosmological model, dubbed as the 'Big bang puzzles'. It was later realised that a phase of accelerated expansion of the nascent universe(inflation) not only solves the puzzles but also provides the seeds of primordial density fluctuations required for the formation of the large scale structures [1, 2] in the Universe. A number of inflationary models have been suggested in the literature(cf. [1] ) since the first proposed model of inflation in [3] . In the last few years, observations by the Wilkinson Microwave Anisotropy Probe (WMAP) [4] and the Planck mission [5] have constrained the inflationary era. In particular, the Planck 2015 inflation analysis [5] has ruled out many of the theoretically popular models. In 2018, the final results by the Planck mission is reported in [6, 7] , which constrain the models of inflation even more.
To find a viable model of inflation, there are number of reasons and ways to go beyond the standard model of cosmology as well as the standard model of particle physics. One of the problems which makes theoretical physicists really uncomfortable is known as the 'hierarchy' problem. One way to define this problem is the difference of scales related to the fundamental forces in nature. One of the proposed solution to this problem is to introduce compact extra dimensions. But unfortunately, this creates a new hierarchy between the weak force and the compact extra dimensions. A possible solution was proposed by Lisa Randall and Raman Sundrum in [8, 9] . In this model, the observed universe is embedded in a five-dimensional anti-de Sitter space (AdS 5 ). An interesting implication of this model when it is projected in the (3 + 1) spacetime, is the modification of the Friedmann equation [10] [11] [12] [13] [14] .
Here, H is the Hubble parameter, a(t) is the usual scale factor at time t, while ρ is the energy density of matter in the normal 3 space. G N is the four dimensional Newton'sgravitational constant and is related to it's five-dimensional counterpart κ 5 by,
where τ is the intrinsic tension on the brane, κ 2 5 = M −3 5 , and M 5 is the five-dimensional Planck mass. The Λ 4 in the third term is the four dimensional cosmological constant and is related to it's five dimensional counterpart by,
Note, that for Λ 4 to be close to zero Λ 5 should be negative. The standard big bang cosmology does not contain the fourth and the fifth terms of Eq. (1.1). The fifth term scales like radiation with a constant µ. It is called the dark radiation. This term is derived from the electric part of the five-dimensional Weyl tensor. The coefficient µ is a constant of integration obtained by integrating the five-dimensional Einstein equations. The magnitude and sign of µ depend upon the initial conditions. The effects of the dark radiation term have been previously well studied in [15] [16] [17] . In this paper, however, we are primarily interested in the fourth term of Eq. (1.1). The fourth term arises from the imposition of a junction condition for the scale factor at the surface of the brane. The modified Friedmann equation at high energy, where this term dominates, makes the early universe cosmology different from the standard scenario [18] . During the post-reheating radiationdominated epoch, this term vanishes very quickly as a −8 . Nevertheless, it can play a significant role in the inflationary era when the universe is dominated by vacuum energy. The effect of the presence of this term in case of inflationary observables was studied previously in [19] [20] [21] [22] [23] [24] [25] [26] [27] . In this work, rather than concentrating on any particular model of inflation, the flow equation technique is implemented for the braneworld (For references please go through [28] ). This approach was first introduced by Kinney [29] to generate a large number of inflationary models through a random process compatible with the observation. The rest of the paper is organized as follows, in section II, we re-investigate the flow equation technique in the braneworld and the Monte Carlo (MC) simulated Hubble parameter is developed. After that, a comparison between the MC reconstructed potential with the attractor reconstruction is established in section III. Finally in section IV, the constraints on the reheating temperature and the braneworld model parameter is studied. In the final section we have drawn the conclusion. There exists different reconstruction schemes for obtaining the shape and form of the inflationary potential. Out of them, Monte Carlo (MC) reconstruction is a technique which is based on a stochastic method to invert the observational constraints and thereby yielding the inflationary potential compatible with observation [29, 30] . This reconstruction method generates the potential numerically instead of giving an exact close form expression. In this section, we will discuss in brief about the MC reconstruction process. Later in section III, we will show that for the braneworld at high energy limit, the reconstructed potential via MC method is a very good approximation to the inflaton potential obtained through attractor reconstruction [31] starts with a set of flow equations, defined in general in terms of an infinite hierarchy of Hubble slow roll parameters. These flow equations, governing the MC reconstruction, are identically a set of coupled differential equations which completely specify the background cosmological evolution. In the standard cosmology, following Kinney [29] , these parameters involving in the flow equations are defined as:
where prime represents the derivatives with respect to the inflaton field φ. The index l represents the order of the slow roll parameters and can go up to infinity. From these definitions, one gets the flow equations in the standard inflation as:
To review the flow equation reconstruction process in details, the reader is suggested to refer to [29] . Using this method, flow equations are derived in [28] for the RS II braneworld. Using the same derivation following [28] , we have reconstructed the inflationary observables -scalar spectral index(n s ) and tensor-to-scalar ratio(r) for flow equations of slow roll parameters upto l = 6. The outcome is shown in the Fig. 2 .1. Fig 2. 2 represents the change of Hubble parameter, H, reconstructed through the flow equations for the modified Friedmann equation in the braneworld. The change of H with n s shows that a slow roll inflation is compatible with observational data only for a red tilted spectrum. The polynomial fitting carried out here clearly indicates the n s value is less than 1 for the relevant scales in CMB.
III. COMPARISON BETWEEN MC AND ATTRACTOR RECONSTRUCTION
The previous section dealt with the MC reconstruction of the Hubble parameter which is completely a numerical technique. However, there exists a direct reconstruction procedure, where the reconstruction of the potential is done from a parametrization of either spectral index (n s ) or tensor-to-scalar ratio (r) as a function of the e-folds N . In this reconstruction scheme, the form of the inflaton potential is obtained via two steps as highlighted in [31] . First, one obtains the scalar potential as a function of e-folds, i.e. V (N ) and subsequently, using the relation between N and the inflaton field φ, one gets V (φ). The corresponding scheme for the braneworld inflation scenario is thoroughly described in [32, 33] . For braneworld inflation, the reconstruction can be done analytically if one considers the high energy limit i.e. V >> τ .
In this section our aim is to show that the MC reconstructed potential of is a very good approximation to the potential obtained from a parameterization of n s or r in terms of N . To begin with, we consider the usual potential slow roll parameters for the case of braneworld inflation [32] :
where again prime denotes derivative with respect to the inflaton field φ and κ = 8πG N = 1/M 2 pl . Under the slow roll approximation, the power spectrum for curvature perturbations is:
where, A s is the amplitude of the power spectrum at the pivot scale k 0 . The scalar spectral index
d ln k can then be written in terms of V and η V as
The number of e-folds passed from a particular time t until the end of inflation t end is defined with the slow roll assumption as well:
where φ end corresponds to the end of inflation and N = N k for the pivot scale k = 0.002 Mpc −1 . Now, it is convenient to use the number of e-folds N instead of φ as the dynamical variable such that
where
V ,N and the scalar spectral index from Eq. 3.3 is:
Now, in the high energy limit, V τ and therefore from [32] ,
Since we have obtained exact values of n s for a few values of N from the MC reconstruction in the last section, therefore the above equation can be integrated keeping n s at its numerical value. The resulting potential is:
where c 1 and c 2 are the constants of integration. Again, from Eq. 3.2,
Therefore, writing c 1 in terms of N k allows us to write the reconstructed potential at pivot completely in terms of n s , considering the value of the power spectrum to remain the same for few e-folds around pivot N k .:
We note that this potential is very similar in form to the reconstructed potential obtained in [32] ,
where n s = 1 − 2/N is used to integrate Eq. 3.7. Additionally, we know that this potential, for some regime in the parameter space of α and β, has an attractor like feature because it is consistent with the consistency relation r ∝ (n s − 1) 2 , which is a typical signature of attractor type models of inflation (see also Sec. IV). The range of parameters, for which this potential is an attractor, subject to its derivation from a parameterization of n s (N ), is equally true even if we start from a parameterization r ∝ 1/N 2 instead of parameterizing n s .
Of the two integration constants, c 1 is determined here in Eq. 3.9 in terms of the observable value of the scalar power spectrum in Planck, similar to the integration constant α =
On the other hand, c 2 and β are arbitrary constants in both the cases and therefore they can be related so that the reconstructed potential simulates the exact attractor behavior in Eq. 3.11. For the general reconstructed potential 3.10 as an attractor,
It is interesting to note here that for the value β = 0, c 2 becomes an independent constant of integration, to be determined solely from the brane tension τ . Moreover, the second term in the parenthesis starts contributing to the value of c 2 only when 4β/α ∼ (1 − n s ) ∼ 0.0351 (Planck 2018).
In the high energy limit of braneworld, the tensor-to-scalar ratio is given as
So, for the potential in Eq. 3.8, 14) where, in the second expression, c 1 is written from Eq. 3.9 and c 2 from Eq. 3.12. Now, feeding the Planck 2018 best-fit values P R = 2.2 × 10 −9 and n s = 0.9649 in Eq. 3.14, the upper bound on r ≤ 0.064 gives an upper bound on the brane tension τ for each value of β/α. For β = 0, this gives: τ ≤ 7 × 10 −11 M 4 Pl . The contribution from the second term in Eq. 3.14 is relevant only above 2β/α ∼ (1 − n s ), and below that, the upper limit on τ remains the same as β = 0 case. Therefore, the upper limit on r from Planck 2018 constrains M 5 from above as M 5 2 × 10 −2 M Pl for β = 0. Fig. 3 .1 shows the variation on the upper limit on M 5 with β/α. Explicitly, the limit on M 5 is:
An interesting point to note here is that, by construction, this limit on M 5 is independent of the number of e-folds N when the integration constants c 1 is written in terms of observables in CMB and c 2 depends on the integration constants α and β(the integration constants related to the attractor reconstruction).
This comparison between the forms of the reconstructed potential through the MC reconstruction technique in Eq. 3.10 and of an attractor in Eq. 3.11 is particularly necessary for understanding the reheating dynamics. This is because the MC technique reconstructs the potential for only very few e-folds near the pivot scale and therefore is not reliable to provide precise values for the quantities at the end of inflation. Fig. 3.2 shows how close the reconstructed potential in Eq. 3.10 is to an attractor for a range of e-folds near the pivot for two different β/α and their corresponding maximum values of τ from Eq. 3.14. Fig. 3 .2 also shows that the spread of the MC reconstructed points and therefore the uncertainty in the reconstructed potential is more for 2β/α = (1 − n s | bestfit,Planck2018 ) than that for β/α = 0 case. This uncertainty may lead to the deviation of the reconstructed potential from a plateau behaviour. Similarly, The attractor potential (solid lines) also show more slope for the case when the contribution of the second term in Eq. 3.11 becomes relevant. 
IV. REHEATING ANALYSIS
In the previous section, it has been shown that the effective inflationary potential for attractor as a function of e-folds [32] is established to be very similar to the MC reconstructed potential. Therefore, for the rest of the paper, we will use the form of the potential given below:
This potential has two interesting regimes for the parameter β. For β = 0, the reconstructed effective potential becomes a monomial potential. On the other hand, for β = 0, we get either an exponentially flat potential or a monomial potential depending on whether the quantity α/β < N k or > N k [32] . In this section, we consider the regime β = 0 and α/β < N k , when the reconstructed potential is a plateau or an attractor type model. Now after the end of inflation, there will be a period of reheating when inflaton energy density is dumped into a thermal bath of relativistic particles, characterised by the reheating temperature (T reh ). Once the form of V (N k ) is known we can relate this reheating temperature with N k for small value of e-folds around the pivot value [35, 36] . Because for large values in the number of e-folds, N k , the reheating temperature, T reh , will have exponential sensitivity with N k as will be seen shortly. Hence T reh will be pushed to higher values close to the inflationary energy density (see also [34] for a details on the reheating with non-minimal coupling).
To begin our analysis, we consider a particular mode with wave number k. When this mode exited the horizon, the co-moving Hubble scale, a k H k , pertaining to that mode is related to the same of present time i.e., a 0 H 0 , as,
where a end and a reh are the scale factor at end of inflation and during reheating respectively. Also, a 0 and H 0 are the present value of the scale factor and the Hubble parameter respectively and H 0 = 2.133h × 10 −42 GeV , where h = 0.67 is the dimensionless Hubble parameter. Now using the definition of inflationary e-folds,
Assuming entropy conservation, T reh can be related to the CMB temperature T 0 as [35, 36] g s,reh a 
However, the energy density during reheating is ρ reh = π 2 30 g ,reh T 4 reh , where g ,reh is the effective number of relativistic degrees of freedom at the end of reheating. Also if we assume for simplicity the standard canonical reheating scenario when the effective equation of state parameter (w re ) is matter like, then
where we have used
, with the amplitude of scalar perturbation being ln(10 10 A s ) = 3.040 ± 0.016 taken from the current Planck 2018 TT + low E data [6, 7] . Now for the braneworld model the ratio between the energy density (ρ end ) to the inflationary energy density (ρ inf ) can be found as follows,
Using the slow roll equation 3Hφ + V φ 0, we geṫ 10) where at the end of inflation, ≡ 0 = 1. Therefore,
The next task is to get V inf as a function of N k from eqn. and plug them in the r.h.s. of eqn. (4.11). After few steps of algebraic calculations, we found
where,
and
Here we have defined x = 3µ 2 and µ = β/α. Finally, using eqn(4.12) in eqn. (4.6) we can write T reh as
where we have considered g ,reh = g s,reh i.e. assuming no entropy production after the reheating epoch. Also, for the potential of eqn. (3.11), the expression for tensor-to-scalar ratio is [32] r = 48τ α 1/3
Thus, we have now obtained the expression for the reheating temperature in terms of the potential parameters and brane tension. In Fig. 4 .1 we plot this reheating temperature as a function of r for different values of the parameter µ and number of e-foldings N k . For the potential of eqn. (4.1), the parameter α was found to depend on N k , τ and scalar curvature perturbation A s [32] . Using A s 10 −9 and taking N k within the regime 45 N k 60, one gets 2 × 10 9 (κ/τ ) 2 α 3 × 10 9 (κ/τ ) 2 .
Also in this plot, we have taken τ ∼ 10 −12 M 4 pl which means M 5 ∼ 10 −2 M pl . This choice agrees with the upper limit on M 5 obtained in the last section. We show later that this choice is also consistent with the bound on M 5 obtained from the consideration of critical T reh for this model.
From plot 4.1 we see that for fixed values of N k , the reheating temperature has a mild dependence on the parameter µ. In fact, T reh increases very slightly as we increase µ from 10 −5 (right) to 1.5 (left). This feature is also reflected in Fig. 4 .2 where we have plotted T reh as a function of scalar spectral index n s . In particular, we found that for µ > 1.5, the reheating temperature (T reh ) becomes imaginary. So, for a meaningful interpretation of T reh , we must restrict µ 1.5 as shown in fig. 4 fig. 4.1 . Here, the small variation in the critical value of T reh is due to its dependence on µ for fixed M 5 , whereas T c reh is found to be almost independent of N k . Moreover, for the entire range of values of µ, the upper bound on N k is such that N k 59.7.
Now for the braneworld reconstructed potential we are considering here, both T reh and it's critical value are functions of brane tension λ (through M 5 ) as well as the model parameter µ. The 3D plot in Fig.4.3 shows this variation. In this plot, the cyan and the green colored surfaces represent variations of T c reh and T reh respectively as functions of M 5 and µ. From the intersection of these two graphs, we get a bound on the 5-D Planck mass M 5 and it is 10 −4.5 < M 5 < 10 −1 (in Planck unit).
V. CONCLUSION
In this work we have dealt with the generalised reconstruction of the RS II braneworld inflationary potential from the flow equation approach. Though this approach was adopted to reconstruct inflationary models earlier in [28] , here for the first time, we have used the information from the reconstructed potential and taken it forward to analyse the era of reheating. We found an upper bound on the reheating temperature and it is shown that this critical limit of the reheating temperature is quite stringent. It will be interesting to explore how a change in the equation of state parameter (w re ) will affect our result. From this bound on the reheating temperature, one can also constrain the value of M 5 (5-D Planck mass). The bound on µ ≤ 1.5, to obtain real value of reheating temperature, limits the largest possible M 5 < 10 −1 M pl from Eq. 3.15, which agrees very well with the upper bound on M 5 obtained from T c reh in the last section. The results obtained here, can be compared with the constraints on brane tension studied at from different areas of physics [37] [38] [39] . Therefore, it will be an exciting avenue to explore and compare those results to infer how better we can limit M 5 from a more general perspective.
In summary, in this paper, for a generalised reconstructed potential we probed the reheating era indirectly and constrained the 5-D Planck mass(M 5 ) which represents the new scale of the braneworld Physics. Our results show that this scale has a lower bound of roughly 10 13 GeV . This is counter intuitive from the point of view of the origin of this model to solve the hierarchy between the forces. However, to address this issue, a detailed study of the reheating mechanism must be done in order to ensure if there is some lowering down of this bound. Thus, we hope to return to this aspect in future with a further detailed analysis, where the mechanism of reheating will be studied in depth to see how it affects the stated results.
